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Abstract 

The problem of simultaneous decomposition of binary forms as sums of powers of 
linear forms is studied. For generic forms the minimal number of linear forms needed is 
found and the space parametrizing all the possible decompositions is described. These 
results are applied to the study of rational curves. 



1 Introduction 

Consider the polynomial ring S = K\x$, . . . , x n ] and a form / G S e i- A well known problem 
deals with the possible decompositions of / as a sum of powers of linear forms, that is 



/ = cii? + . . . + c k i d k 



k e Si, Q e K. 



In geometric terms the problem reads as follow: given a point [/] £ WSd find points 
[if], . . . , [if] on the Veronese variety z^(PSi) such that the A:-secant space they span contains 
[/]■ 

We can ask for the minimal number of linear forms needed to decompose a given / G Sd- 
Define this number as 



m!^k:3Bli,...,heSi, / = X>zA 



fcmin(J) = mill 

When a decomposition exists this is usually not unique, so it is interesting to study all 
possible ways of decomposing a form f € Sd using exactly k linear forms. With this in mind 
we set 

VSP(f; k) = I {Li, . . . , L k } e HilbfeP^ : U ± Lj, f = Y, °^ } 



*the author is a member of the PRIN01 project "Spazi di moduli e teoria di Lie" of the University of 
Pavia and a fellow of the OMATS programme of the University of Oslo. 



2 



Enrico Carlini 



where Li is the hyperplane of PSi defined by l t — and HilbfcPSi is the Hilbert scheme of 
length k subschemes of PSi . 

Both fc m i n (/) and VSP(f, k) were classically studied, but much remains unknown about 
them. An expected value for fc m ; n was obtained by a naive parameter count, but only 
recently it was proved that this value is exact for a generic form /, see 0. The study of the 
variety VSP(f, k) is still challenging and only few results are known in general. For more 
on this see @. 

A straightforward generalization is the study of the simultaneous decompositions of a set 
of forms /i ,...,/,■ G Sd, that is 

fi = c H1 lf + . . .Ciklf, i = l,...,r 



j ■ 



involving the same linear forms I 

In this case also we have a geometric interpretation: given points [/i], . . . , [f r ] G PSd find 
points [if], . . . , [it] on the Veronese variety i^(PiSi) such that the fc-secant space they span 
contains the linear space < [fi], ■ ■ ■ , [f r ] >■ 

This problem was classically studied by means of polar polyhedra, e.g. see || for n = 2 
and d = 3, and in a more general setting by Terracini. In Q a solution for the case n = 2, 
r = 2 is claimed and a general criterion is stated. For a rigorous proof and generalization of 
Terracini's result see ||. For an exposition in modern terms and an interesting interpretation 
of Terracini's criterion see . 

As in the case of one form, there are two main objects of interest. 
Definition Let f\, . . . , f r G Sd- We define 




Definition Let /i, . . . , f r G Sd- We define the variety of simultaneous sums of powers of 
the fi's with respect to k to be 

VSSPih, ...,f r ;k) = \{Li,...,L k }e Hilb fe P5i : U ± L h fi = £ cy If i = l,..., 

i=i 

where Li is the hyperplane of PS*i defined by k — and HilbfePSi is the Hilbert scheme of 
length k subschemes of PSi . 



We notice that if fi, ■ ■ ■ , f r are linearly dependent, then the problem reduces to the 
study of r' independent forms, r' < r. Therefore we may assume the /j's to be linearly 
independent. 
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As in the r = 1 case there is an expected value for k min obtained by a parameter count: 



r in 



r + n V d 



d 



, dim G(r, S d ) 



where G(r, Sd) is the Grassmannian of r dimensional subspaces of Sd- 

When r > 1 only few values of (n, d, r, k) are known for which fc m i n is not the predicted value 
for a generic choice of forms, see Q. These exceptions can be proved by ad hoc methods but 
there are few general results. The most general result about fc m i n asserts that, in the binary 
case n = 1, the actual and the expected value of fc m in(/i, ■ • • , fr) are equal for generic forms. 
This is proved in Q but the proof is quite involved. To our knowledge there are almost no 
results about the variety VSSP in the case r > 1. 

In this paper we restrict our attention to the binary case S = K[xo, x±\. In this situation 
we find a formula for fc m i n (/i, . . . , f r ) in a more direct way than in Moreover we give a 
complete description of VSSP(fi, . . . , f r ; k) for fx, . . . , f r generic forms. In the last section 
we show an application of VSSP to the study of rational curves. 

This problem was proposed to the author by Prof. Kristian Ranestad during the interna- 
tional school PRAGMATIC 2000 held in Catania. The author wishes to thank the OMATS 
programme for the financial support during the preparation of this work. The author also 
wishes to give a special acknowledgment to Prof. Kristian Ranestad for his many fruitful 
suggestions and comments. 



2 Apolarity and inverse systems 

Set S = K[xq, . . . , x n ] and T = K[yo, ■ ■ ■ , y n ] with K — K a field of characteristic 0. We 
make S into a T-module via differentiation: given monomials y a , x@ we define 



if on > (3i for some i 



V ° X \ a\{1)x^- a otherwise ' 

where the computations on the multi- indices are made componentwise, e.g. a! = <xq\ . . . a n \. 
We recall that: 

• given / G S we set f 1 - = { D € T : D o / = }, this is an ideal in T and it is called 
the orthogonal ideal of f; 

• given D e T we set D^ 1 = { f E S : D o f — 0}, this is a graded T-submodule of S 
and it is called the inverse system of D. 

We will need some basic properties about orthogonal ideals and of inverse systems: 
Properties (see [Q, pp 11-19) 

1. if / S Sd, then f- 1 is a Gorenstein artinian ideal with socle degree d; 
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2. if D e T fe , d > k, then dim K (D- x ) d = (™+ d ) -d + k-1; 

3. if D, G e Tfe, d > fc, such that (D^ 1 ) d = (G^ 1 ) d , then [D] = [G] in PT fc ; 



4. if A, ...,/,. G Sd, then 




A- 



{fler t :(r 1 ) d 3</ 1 ,...,/ r >} ; 



5. via apolarity we have a natural identification PSfe = PT^. 



Apolarity is a powerful tool in studying the decomposition of forms as sums of powers 



Lemma 2.1 (Apolarity Lemma) Let fi, ■■ ■ ,f r G S d , then the following facts are equiv- 
alent: 

1. 33 Cij G K, l\, . . . , Ik G 5*1, [Z ] 7^ [Zb] in PSi /or a ^ b, such that 

fe 

/i = ^ ' c ij Z j , i — 1, ■ ■ ■ , T, 

3=1 

2. 33 Li, . . . , Lfe G PTi, L,; 7^ Lj /or i 7^ j , such that 



where ir is iAe irfeaZ of the set of points T = { L\, . . . , Zfe }. 
The lemma leads our attention to the ideals contained in /iS so we gi ye the following 

Definition Given fx, ■ ■ - ,f r G S d the variety of simultaneous apolar susbschemes of 
length k of the /,'s is 



The Apolarity Lemma shows why the binary case is easier to treat. When n = 1 the 
ideal of a set of points is a principal ideal and the generator is square free if the points are 
distinct. Hence there is a natural identification 



because of the following (see 



§, 1-3) 



r 



■_L 




HilbfcPS! = ¥S k = PT fe , 



where the last equality comes from Property 
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Finally, using Property ^ and Lemma 2.1, we get a useful description of VSPS and of 



VSSP. Let S = K[x , x x ] and f x , . . . , f r G 5 d . Then 

VSPS(fi,...J r ;k) = { [D] G PT fe : D G (n[ =1 /^)* } 

= PflXa/i 1 -)* (t) 

= { [D] G PT fe : (D^ D< /i,...,/ r >} 

and 



VSSP(ft,...,f r ;k) = {[D}eFT k :De(rr i=1 fr) k ,D?A k } 



= na=,ft) k \^ (« 

= { [£>] G PT fe : ■ ./ , / r >, £> ^ A fc } 

where A k is the discriminant locus of polynomials of degree k with at least a repeated root. 
We also notice that 

fcminCfi, • • • , /r) = min{ fc : 3.D G T fc : (I?- 1 )^ D< fr, . . . , f r >, D $ A k }. 

It is useful to summarize these results. 

Proposition 2.2 If S — K[xo,xi] and fi,---,f r G Sd, then VSPS(fi, . . . , f r \ k) and 
VSSP(fi, . . . , f r ;k) are projective spaces for every k. Moreover 

VSPS(h, ...,f r ;k)D VSSP(fr, ...,f r ;k) 

and they are equal whenever the latter is not empty. 

Given explicit binary forms f\, . . . , f r we can actually determine fc m i n , VSSP and VSPS 
using (f) and (J). This requires an easy algorithm involving linear algebra (orthogonal ideals) 
and basic Grobner basis computations (intersection of ideals). 

The really tough problem is deriving results holding for a generic choice of r forms. Part 
of the difficulty is related to the bad behavior of orthogonal ideals. For example it easy to 
show that for any binary form / G Sd 

dim K (f ± ) k >2k-d, 

but the actual value of the dimension depends on the particular form we choose. 

The best result we can obtain for orthogonal ideals is an easy consequence of the previous 
bound and of Grassmann's formula for vector spaces. 
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Lemma 2.3 Let d,r,k be natural numbers and S = K[xq,x{\. If 

r + 1 

then for any choice of f\ , . . . , f r e S d we have 

(St n . . . n ft) k + (o). 
3 The geometric setting 

From now on we will consider only binary forms, so that S = K [xo, x±] and T = K[y , y\\. 
Consider the map 

Vfe: FT fc — > G(k,S d ) 
[D] - (D-% ' 

by Property || it is well defined when k < d. Using Pliicker coordinates and Property || 
one verifies that ipk is an isomorphism on its image, G k — ^(PTfe), for all k < d. If we let 
Afc C Tfc be the locus of forms with repeated roots, then we have 

dimGfe = dimGA fc + 1, 

where G Ak = ^ fe (PA fe ). 

Now consider the following diagram 

G(r,S d )xG(k,S d ) D s fc = {(A,r):Acr,reG fc } 3E At = {(A,r):Acr,reG At } 

G(r 7 S d ) D S fc 

The study of the simultaneous decompositions of a set of forms fi, ■ ■ ■ , f r is equivalent 
to the study of the map tp^ , as shown by the following 

Proposition 3.1 Let f\, . . . , f r £ S d be linearly independent forms and let A =< /i, . . . , f r >. 
Then 

1- kminifx, ...,f r ) = min{ k : ^(A) \ S Afe ^ }; 



2. VSSP(f u ...,/,.; k) ~ ^ (A) \ E Afc ; 

3. VSPS{h,...,f r :k)~^\k). 



PROOF First we compute the fiber of (f k on A: 

ip^(A) = { (A, (D'%) : A C (D-%, [D] G FT k }; 
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from this we immediately get part 1. 
Now, using (|), we notice that 



tf£ V* '(A) \ SaJ = { [D] G PTfe : A c (-D _1 )d, D £ A, } = P(n i /^) fe \ A fe . 
Because ^fc is an isomorphism we get part 2. The same argument and (f) give part 3. 

□ 

The map ifik is useful in solving our problem also because of the properties of the varieties 
Efc and T,& k . In fact we have 

Lemma 3.2 and T,A k are Grassmannian bundles on irreducible varieties. In particular 
they are irreducible and we have 

dimSfc = dimSA fc + 1 = fc + r(k — r). 

PROOF It is enough to consider the projection maps 

Sfe — ► Gfe 
^A k — > G Ak 

and to notice that their fibers are the Grassmannians G(r, k). 

□ 

Finally we can state our main result. 
Theorem 3.3 Let S = K[xq,Xi]. Given natural numbers d,r set 

fcmin(rf, r) = min j k : k > T ^~y^ — - | • 

There exists an open non-empty subset 

V d . r C G(r, S d ) 

such that, for all fi, . . . , f r G Sd satisfying [< /i, . . . , f r >] G Vd, r > the following hold: 

1- fcmin(/li • • • ; fr) = k m j n (d,r) ; 

pfe(r+l)-r(<H-l) fc >fc m . n ( djr ) 

? 

k<k min (d,r) 



2. VSSP(f u ...,f r ;k) 
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3. VSPS(h, ...,f r ;k) = <bifk< k min (d, r). 
Moreover 

VSSP(h, ...,f r ; fc min (rf, r)) 



{pt} e = 



where e = r{d + 1) mod(r + 1). 

PROOF Set Z k = {A eT, k : ip^ 1 (A) C SA fc } and consider the following diagram 



Set A = min{ dim<y9 fc 1 (A) : A 6 }. Using Lemma 3.2 and the Fiber Dimension Theorem 
see §, lecture 11) we get 

dim Sfe = dim Efe + A, 
dim EA fc > dim Z k + A. 

Hence dimE^ — dimZfc > 1. 

If Efe is dense, then dimS^ > dim G(r, Sd)- This gives the condition 

, , • f, , r(d + l) 

k > fe = mm < k : fe > 



r + 1 

r(d+l)-l 



By Lemma 2.3 we know that if fc > fe = nrin 

{ k ; jfc > na+ij-l } then 

tfk is dense. It is easy 
to check that fe = fe = fc m in(rf, r). For the sake of simplicity set k = k m i n (d, r). 

Finally we set 

C/ = Si\(^UE M ). 

By the preceding consideration U C G(r, S^) is open and non-empty. Moreover, if A G U 
then 

^ 1 (A)\E As ^0, 
^ 1 (A) = 0,fc<fc. 



Using Proposition 3.1 we conclude that U satisfies part 1. 
Proposition yields 

VSSP(Ji, ...,f r ;k) = VSPStfi, . . . , f r - k) = 0, k <k ~ k min (d, r) 
for /i, ... , /,. £ Sd such that < /i, . . . , f r >G U. This proves part 3. 



By Propositions 2.2 and 3.1 we know that VSSP(f±, . . . , f r ',k), k > k m m(d,r), is a 
projective space of dimension dim (p7 (< /i, . . . ,/ r >)■ As the fiber dimension is an upper 
semicontinuous function, there exists an open non-empty subset V C U such that 

dim VSSP( A,. ..,/,. ;fc) = dimEfe - dim G(r, S d ) = k(r + 1) - r(d + 1) 
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for < fx , . . . , f r > G U'. This completes the proof of part 2. 

To get the expression for dimVSSP(fi, ... ,f r ; k m i n (d,r)) we only have to use part 2 
and to study the congruence class of r(d + 1) — 1 mod r + 1. 

Letting Vd, r — U' completes the proof. 

□ 



Example Using Theorem p. 3| we can recover a classical result of Sylvester (1851). Given 
a generic binary form / € Sd, i.e. / G Vd,i, the minimal number of linear forms needed to 
decompose it is 

~d~\ 



k m in(f) = min{ k : k > - } = 



1 



and the possible decompositions are parametrized by 

VSSP(f, kmin(f)) = 



P d even 
{pt} d odd 



4 Rational curves 



Definition A rational curve C 6 P™ is the image of a rational map a : P — > P"'. We say 
that the curve is non-degenerate if it is not contained in a hyperplane. 

Let S = k[xa,xi] and fix the standard lex ordered monomial basis, e.g. with respect to 
x Q > X\, in each of the homogeneous pices S n , so we have the identifications P" = VS n for 
all n. 

Let C C P™ be a rational curve of degree d, with d > n. There exists a unique Ac G 
G{d — n — l,P d ) = {AcP d :A~P d ™ 1 } such that the following diagram commutes 

P d DC d 
P" DC 

where Vd is the d-uple embedding of P 1 , Cd is the rational normal curve of degree d and 7r 
is the projection from A^. In particular n(Cd) = C. 

Definition Let C C P" be a rational curve. We define 

S%{C) = { L G G(a,F n ) : a _1 (TnC) has length 6} 




«5 6 a (C)^ ={reG(a,P") :a _1 (TnC) is smooth of length b}. 



10 



Enrico Carlini 



We notice that S°(C) is the set of &-uple points of C and S®(C)jt is the 
points of C having b distinct tangent lines, e.g. if C is a plane cubic with 
S%{C)^ = {pt} while S${C')^ = if C is a cusp. 

If C is a smooth curve, then Sg(C)^ has a nicer geometric description: 

S£ {C)jt = { T G G(a, P") : r n C is a set of 6 distinct points }. 

Let C C P™ be a rational non-degenerate curve of degree d. It is immediate to verify the 
following: 

• SJ _1 (C) = P™ as, taking multiplicities into account, any hyperplane intersects C in d 
points; 

• (C)^ is dense in P ra as a generic hyperplane intersects C in d distinct points; 

• sy^c) = sy l {c)^ = if d ± d. 

We notice that S£(C), S£(C)^ are not interesting for all the values of a and 6, as shown 
by the following 

Lemma 4.1 Let CcP" be a rational non- degenerate curve of degree d, d > n. If b — a > 
d-n + 1, then S£{C) = S%{C)-t = 0. 

PROOF Let T e 5 b a (C); then choosing P G C \ T we build T =< T,P >E S* b a , +1 (C), 
b' > b + 1. Repeating the construction we get 

where b > b + n — a — 1. As SS~ (C) ^ we must have d — n+1 > b — a. We have shown 
that S£(C) + 1 implies d — n+1 > b — a and by negation we get the thesis. 

□ 



set of 6-uplc 
a node then 



We will describe S%(C), S£(C)^ in the extremal case b — a = d — n + 1. 

Proposition 4.2 Let CcP 1 be a rational non-degenerate curve of degree d, d > n, and 
a, b natural numbers such that b — a = d — n+1. Then the following isomorphisms hold 

SS(C)c*VSPS{f u ...,f r ;b) 

S a b {C)^~V cVSSP(f u ...,f r ;b) 

where V is dense. 
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PROOF Let A c —< /i, • • • , /r >, fx-, ■ ■ ■ , fr € $d- As C is the projection of Cd from Ac 
we have 

5 6 a (C) = {Te G(a, P") : a-^r D C) has length b } 

~ { T G G(a + d - n, P n ) : T D Ac, v^ 1 (r n C d ) has length b } = A 

and 

Sg(C)jt = {Te G(o, P") : a-^r n C) is smooth of length 6 } 

~ { r G G(a + d - n, P") : T D A c , ^{T H C d ) is smooth of length b } = B 

First we construct the isomorphism A ~ VSPS(fi, . .. ,f r ;b). 
Given T <E A consider the subscheme of Y = (J 1 fl Cd) C P : it is defined by the ideal 

Iy = (91, ■ ■ -,g n -a) 

where the g^s are the pullbacks of the linear equations defining T, as the scheme has length b 
they have a common factor of degree b. The g^s are independent so that the numerical condi- 
tion on a and b implies that the saturation of Iy is the principal ideal (5), g — GCD(gi) e S b - 
Let Gi(y , yi) = gi(yo,yx) G T b and G(y ,yi) = g(y , yi) e T 6 . By apolarity the hyperplanes 
(G~ 1 ) d define T. It is easy to verify that (G~ 1 ) d D T, i.e. G G VSPS(fi, . . . , f r ] b), so we 
have a map A — > VSPS(fi, ■■■,f r ] b). 

The inverse map is defined by sending G e VSPS(fi, ... ,f r ;b) to the linear space (G~ 1 )d e 
A. 

Now we construct the isomorphism B ~ V a dense subset of VSSP(fi, . . . , f r ; b). 
Let V be the dense subset of VSSP(fi, . . . , f r ;b) consisting of square free polynomials. 
Then we define the map V — > B by sending G G V to the linear space (G~ 1 )d- 
To define the inverse map, given T £ B, we consider the subscheme v~7 {T fl C,i) which is 
defined by the principal ideal (g),g G S&: £7(50,51) — 5(2/0,2/1) is a square free polynomial 
and GeVSSP(h,...,f r ;b). 

□ 

Example Let /1 = -2zq + 2x1 + ( x o - %i) 5 , h = -® x o + 3a; i + 2(^0 - %i) 5 and 
Ac =< >• We want to study the rational curve C = n{C^) G P 3 obtained as 

projection of the rational normal curve of P b from Ac- 
We know that 

S a b {C) = S a b {C)^ = 
when b — a > 3. Hence the interesting cases are: 

S a a+3 (C),S a a+3 (C)^ a = 0,1, 2. 

To apply Proposition |4.2| we need to determine I — n f£~ ■ By direct computation we get 

1 = (5051(50 + 51), yt + yf ) n (5051(50 + yi), Vo + 2yf), 
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in particular 

dirnjf J5 = 4, dimx I4, = 2, dimx I3 = 1, diniK £2 = for e? < 3 

It is possible to verify that each homogeneous piece of I is generated by forms without com- 
mon roots. Moreover the generator of I3 is square free. Hence, using ($) and Proposition4.2, 
we obtain 

=Fh = fa}, 

Si(C%,=Pl 4 = P\ 

Sf(C*)^ =PI 5 =P 3 . 

We also have that <S2 +3 (C) is dense in S^ +3 (C)^ for a = 0, 1, 2. 
In particular 

S 3 °(CV = {pt} 

means that C has a unique triple point. 

We have shown how to use VSSP to study curves that are projection of the rational 
normal curve: given the center of projection A =< /1, . . . , f r > we have to investigate the 
decompositions of the fi,...,f T as sums of powers of linear forms, so that each case has to 
be treated separately. To find general results we have to exclude curves with a pathological 



behavior and this can be done using Theorem 3.3 



Definition A rational curve C £ P n of degree d, d > n, is said to be generic if Ac £ Vd,; 
where r = dim^ Ac and V^ r is as given by Theorem 3.3. 

We notice that, because Vd, r is open and non-empty, almost all the rational curves C C P 
of degree d, d > n, are generic. 



An easy consequence of Theorem 3.3 and of Proposition |4.2j is the following: 
Corollary 4.3 Let C C P" be a generic rational curve of degree d, d > n. Ifb—a = d— n+1 



then, defining k m i n (d, d — n) as in Theorem S.i, we have 



1. S%{C) = 5 fc Q (C) # = H)forb< k nlin (d, d - n); 

2. S%{C) = F b(d-n+l)-(d-n)(d + l) f(}r b > fcm . n(d; d _ n) . 

3. S£(C)^ is dense in f>Hd-n+i)-(d- n )(d+i) fgr ft > d _ n y 



Example Let C C P 3 be a rational non-degenerate curve of degree 5. By Lemma kLI 
we know that S%(C) = S£{C)^ = for b - a > 3. 

If C is generic, then using Corollary |4.3| and the fact that A: m i n (5, 2) = 4 we get 

S 3 °(C) # = 
S 4 1 (C) # = {pt} 
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S 5 2 (C) # =P 3 . 

In particular, because S®(C) — 0, we conclude that C has no triple points. This shows that 
the curve of the previous example is not generic. 
If C is also smooth then the equality 

S 4 1 (C)^ = {pt} 

means that there exists a unique 4-secant line to C. 

Example Let C C P 16 be a smooth generic rational curve of degree 19. Because the 
curve is smooth we can get interesting geometric properties from studying S\(C)^. 
C is the projection of the rational normal curve C19 from Ac =< /1, /2, h > and, because 
the curve is generic, we know that fc m i n (/i, fz, h) = 15. This means that 

S a a+A {C)^ = VSSP(h, h, fa a + 4) = 0, for a = 0, . . . , 10. 

We get that 

slKcy = { P t> 

so that there exists a unique 15-secant P 11 to C. We also have 

s\l{c)^ = p 4 , s$(c)^ = p 8 , slt(c)^ = p 12 . 
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